In many cable structures, special types of joints are designed to allow cables to slide freely along the joints. Thus, a number of discrete cable elements are substituted by a single continuous cable that slides over multiple nodes. Continuous cables are employed in engineering applications such as cranes, domes, tensioned membranes and tensegrity structures. Most studies involve the assumption of frictionless movement of cable elements through pulleys. Nevertheless, frictionless sliding is usually an unrealistic hypothesis. In this paper, the dynamic relaxation (DR) method is extended to accommodate friction effects in tensioned structures that include continuous cables. The applicability of this DR formulation is demonstrated through analysis of three case studies that involve both numerical and experimental investigation. Results show potential to efficiently accommodate sliding-induced friction.
Introduction
Cables that run continuously through nodes are employed in engineering applications such as domes, cranes, tensioned membranes and tensegrity structures. It is becoming a common practice to group individual cable elements into continuous cables. A single continuous cable moves over multiple nodes through pulleys and sliding contact joints. In cable structures, the tensioning process includes adjustment of cable length in order to establish the required stress state. Such situations demonstrate one of the most important advantages of using continuous cables. Rather than controlling multiple cable elements, connecting cables allows simultaneous control of cable groups using only one control device [1] . This is also the case for active and deployable structures that are controlled by cable length adjustment [2] [3] [4] [5] .
With regards to structural behavior, using continuous cables may significantly change the structural response of cable structures. A cable sliding over multiple nodes causes changes in the internal force distribution and increases flexibility. This consequently affects static and dynamic behavior. In addition, in actively-controlled structures, using continuous cables inevitably reduces structure controllability since an active continuous cable cannot effectively control all the nodes it passes through.
Finite element (FE) formulations for continuous cable elements were developed for modeling of suspension systems [6] [7] [8] [9] and fabric structures [10] . Aufaure [6] pioneered the analysis of continuous cables and developed a finite element of cable passing through a pulley. The finite element allowed the cable hanging process to be modeled for multispan electric transmission lines. Pauletti [11] extended Aufaure's formulation and presented a geometrically exact formulation of a cable finite element allowing sliding with friction. Kwan and Pellegrino [12] proposed a matrix formulation for an active-cable macro-element consisting of two or more straight segments. The authors derived the equilibrium and flexibility matrices of active cable elements and pantographic elements used in deployable structures. Zhou et al [13] developed a sliding-cable-element to simulate parachute folding. Chen et al [14] presented a formulation of sliding-cable-element with multiple nodes for the analysis of Suspen-Dome structures.
Lee et al [15] derived the tangent stiffness matrix of a continuous cable including frictional effects. The geometric stiffness of the proposed cable element was not taken into account in the formulation limiting thus its applicability to linear elastic behaving structures [16] . In the tensegrity-concept research framework, Genovese [17] investigated an approach to form-finding and analysis of tensegrity structures with sliding cables (clustered tensegrities). Moored and BartSmith [18] formulated the potential energy, equilibrium equations and stiffness matrix for tensegrity structures with continuous cables. They proposed the term "clustered tensegrity" to denote the particular class of tensegrity structures having continuous cables. Recently, Zhang et al [19, 20] employed a co-rotational formulation to derive a finite element formulation for nonlinear analysis of clustered tensegrities.
Compared with the direct stiffness-analysis approach, the dynamic relaxation method (DR) is a more time-efficient alternative for the analysis of structural systems with material and geometrical nonlinearities. This method, introduced by Otter [21] and Day [22] in the mid-1960s, is based on an explicit iterative method for the static solution of structural-mechanics problems [7] . When the DR method is used, the static case is transformed into a pseudo-dynamic case by introducing fictitious inertia and damping terms in the equation of motion. The DR method traces the motion of each node of a structure until the structure comes to rest in static equilibrium. DR has been used to solve a wide variety of engineering problems [23] [24] [25] [26] [27] [28] [29] . Particularly attractive for tension structures [30, 31] , the DR method has been applied to analysis of cable structures with continuous cables. Bel Hadj Ali et al [32] has proposed modifications to the DR method for clustered tensegrity structures. Hincz [9] and Pauletti et al [8, 33] have also investigated DR for nonlinear analysis of arch-supported cable-net structures and membrane structures, respectively.
Most studies of clustered cables involve assumptions of frictionless movement of cable elements through pulleys. However, frictionless movement is an unrealistic hypothesis. This has been shown experimentally [34] [35] [36] [37] .
Liu et al [34] experimentally studied pre-stressing of "suspen-dome" structures. Experimental tests performed on a 10.8m span scaled-dome-prototype revealed that the friction coefficient at sliding nodes varies between 0.1 and 0.5 depending on material properties and stress level in cable elements. Results also showed that axial force deviations from values determined assuming no friction exceeded 30% for some cables. Recent studies related to sliding cables by Veuve et al. [35, 36] involved deployment of a tensegrity footbridge that was studied numerically and experimentally. Additional investigation by Sychterz and Smith [37] showed that the structural behavior cannot be modelled satisfactorily using the assumption of friction-free cables sliding across joints.
In this paper, the DR method is adapted for the analysis of cable structures with sliding-induced friction. Section 2 contains a presentation of the governing equations of a sliding cable accounting for frictional effects. The subsequent section introduces the proposed analysis formulation based on the dynamic relaxation method. Basic DR steps, determination of residual forces and masses as well as the damping strategy are described. Case studies are presented in Section 4. In the first case study, the new algorithm is validated by simulating a continuous cable sliding through multiple nodes. Results are compared with those obtained employing existing FEbased methodologies to show the effectiveness of the DR formulation. In the second case study, load response and actuation of an active tensegrity beam are investigated. The third case study is concerned with the deployment analysis of a tensegrity-based footbridge. Numerical and experimental results are compared and discussed.
Governing equations of a sliding cable accounting for frictional effects
Consider the two-element structure shown in Fig. 1(a) . The unconstrained reference node 2 is connected to nodes 1 and node 3 by one sliding/clustered cable composed of two sub-elements, e1 and e2. The sliding cable runs over a small pulley at node 2.
The characteristics of the continuous cable can be easily written in terms of the characteristics of the two cable sub-elements. The continuous cable length, l, is the sum of sub-elements element lengths (Eq.1), where subscript 1 and 2 denote sub-elements numbers. 1 2
Equivalently, the non-loaded length, l0, of the continuous cable may be defined in the same way (Eq.2).
With the assumption that the cable slides over node 2 with no friction, the continuous cable can be assumed as a string of cable sub-elements all carrying the same tensile force t. The axial force in the continuous cable is thus given by Eq.3 where E is Young's modulus of elasticity and A is the cross section area of the cable.
The sliding length at node 2, denoted s2 ( Fig. 1(a) ), represents the length of cable portion that was exchanged between the two sub-elements. Assuming frictionless sliding, the sliding length s2 is not explicitly taken into account in the governing equation of the continuous cable (Eq.3).
The nodes of the clustered cable have position vectors, x1, x2 and x3, relative to some reference.
Unit vectors, c1 and c2 define the direction of each of the two cable sub-elements (Eq.4).
For cable sub-element e1, nodal force vectors F1 and F21, illustrated in Fig. 1(b) , are in equilibrium with internal tension in the cable (Eq.5).
Equivalently, for sub-element e2, nodal forces F22 and F3 are related to the internal tension in the cable through Eq.6.
Equilibrium equations of the structure can be written in terms of a unique axial internal force, t, in the cable. Combining Eq. 5 and Eq.6, equilibrium equations at nodes 1, 2 and 3 are presented in Eq.7.
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Based on the governing equations expressed in Eq.7, a continuous cable can be easily incorporated into structural analysis such as DR [32] . The component equilibrium expressions could also be differentiated with respect to node coordinates in order to find the tangent stiffness matrix of the sliding cable [18, 19] . As mentioned earlier, ignoring friction effects at sliding nodes results in substantial model inaccuracy which cannot be neglected. For accurate modeling of sliding cable behavior, friction at sliding nodes must be taken into account
Consider the structure shown in Fig. 1(a) . At node 2, suppose that friction exists at the contact area between the sliding cable and the pulley. Friction at this node resists relative motion between the two cable sub-elements. When resistance due to friction at this node is low, cable sliding is possible. When friction lock arises and the frictional resistance at contact area is great enough to hinder the cable from sliding, the internal forces at two sub-elements of the continuous cable can be expressed as: 
In this situation, the sliding magnitude at node 2, s2, changes the non-loaded lengths of the two sub-elements ( 0,1 l and 0,2 l ). In the absence of friction, modification of sub-element non-loaded lengths does not affect the distribution of axial forces since only the non-loaded length of the entire cable is considered. However, this is not the case for frictional sliding. To model static the behavior of a continuous cable, the sliding length needs to be included with the nodal displacements.
Equilibrium at nodes 1, 2 and 3 can be written in terms of the sub-element tension, t1 and t2, in component form:
The system of equilibrium equations (Eq.9) is no longer sufficient for the analysis of the continuous cable while taking into account the frictional effects. Considering force equilibiurm in three dimensions for the simple structure shown in Fig. 1 , there are ten unknowns (the sliding length, s2, and the nine nodal displacements) but only nine equations. The additional equation is obtained through the relation between the tension forces around the sliding node.
Consider the two forces at pulley edges at node 2 in Fig. 2(a) . These forces result from axial forces in the two cable sub-elements arriving at the pulley. Eq.10 expresses the relationship between forces at both sides of sliding node [13] :
Eq.10 is known as capstan equation. It describes the relationship between the hold force and the pull force at the two ends of the sliding surface at the instant of impending slip [38] . The force ratio α in Eq.10 is given by: Substituting Eq. 11 in t1 and t2 (Eq.8), an equivalent force relation at the sliding node (Eq.10) is written in terms of sliding length, s2, as follows:
Eq.12 is nonlinear in s2 and for a defined geometric configuration (defined nodal coordinates and element lengths) it can be solved iteratively.
Additional equations similar to Eq.12 can be written for nodes 1 and node 3 if these nodes allow cable sliding. This is typically the case for a continuous cable sliding over multiple nodes. For example, consider the continuous cable of Fig. 3 . 
When the clustered cable slides over the pulleys at nodes 1, 2 and 3 by sliding lengths, s1, s2 and s3, internal forces at two sub-elements of the clustered cable are expressed as:
Combining equations related to sliding nodes, the obtained system of nonlinear equations can be solved iteratively to yield values of sliding lengths s1, s2 and s3. A new formulation of DR including sliding-lengths determination is described in the next section. This extends DR to accommodate friction effects in tensioned structures including continuous cables.
The proposed DR implementation
The static solution of both linear and non linear structures subject to load may be regarded as the limiting equilibrium state of damped structural vibrations. A static analysis case can be transformed into a pseudo-dynamic analysis case by introducing fictitious inertia and damping terms transforming a static equilibrium equation into an augmented equation of motion. The aim is to solve the augmented equation of motion using an explicit finite difference discretization. DR traces the motion of each node of an artificially damped structure until it comes to rest in a static equilibrium state. A key feature of the method is that mass and damping parameters do not need to be representative of the physical problem. Instead, damping, mass and time increments are chosen to obtain the fastest convergence to equilibrium. Theoretically, the convergence rate can be characterized in terms of the spectral radius of the iterative error equation [7] . Papadrakakis [39] carried out an error analysis and suggested an automatic procedure for the selection of DR parameters ensuring optimum convergence. The determination of optimal DR parameters has also been the subject of intensive research work [40] [41] [42] .
Before presenting the new formulation of DR, an overview of the governing equations of this method is given to provide the necessary background.
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Governing equations
The DR method follows from augmenting static equilibrium equations (Eq.14) by including inertial and damping terms (Eq.15):
In Eq.14 and Eq.15, u and v are vectors of nodal displacements and velocities, M and C are mass and damping matrices, fint is the vector of internal forces and fext is the vector of external forces.
Introducing the residual force vector r as the difference between external and internal forces at any time t, Eq.15 can be written as Eq.16.
Due to damping, nodal velocity and acceleration values decay to zero as the solution is
approached. The transient response is attenuated leaving the steady state solution for the applied load. Static equilibrium is thus attained when the out-of-balance or residual forces converge to zero.
Using central differences, Eq.16 is discretized in time. Approximations for temporal derivatives are given by:
Using these approximations, Eq.16 can be re-arranged to give the recurrence equations for nodal velocities:
The velocities are then used to predict displacements at time (t + Δt):
The iterative process of DR method consists of a repetitive use of Eq.18 and Eq.19. The process continues until the residual forces converge to zero. In the classic formulation for DR, mass and damping parameters have to be chosen to ensure that the recurrence procedure converge to static equilibrium [7, 43, 44] . Generally, a diagonal mass matrix and a mass-proportional damping matrix are used. An efficient alternative is the use of kinetic damping [31, 39, 45] . When kinetic damping is employed, viscous damping coefficients in Eq.18 are no longer needed and the recurrence equation for nodal velocities reduces to Eq.20:
As DR iterations proceeds, kinetic energy of the structure is calculated. When a kinetic energy peak is detected, all nodal velocities are set to zero and the current coordinates are taken as initial values for the next iteration. The analysis progressively eliminates the kinetic energy from various modes of vibration until of convergence. Kinetic damping eliminates the need to compute optimized viscous-damping coefficients and offers a substantial reduction in the number of iterations [46] . Furthermore, this strategy efficiently accommodates geometrical inaccuracies and stiffness modifications [28] .
Fictitious mass calculation
The mass matrix is built to improve the kinetic damping while keeping numerical stability. It is commonly chosen as a stiffness-proportional diagonal matrix [47] . Based on these assumptions, Underwood [7] proposed the use of the circle theorem of Gerschgörin which permits to obtain upper bounds to the eigenvalues of the recurrence matrix (
For a defined time step, this theorem gives the following general expression that must be satisfied for mass terms in order to guarantee the stability of the iterations.
In Eq.21, ki,j are the elements of the tangent stiffness matrix.
According to Barnes [31] , the mass at any node i should be set to comply with Eq.22 in order to guarantee the stability of the iterations for an arbitrarily chosen value of the time increment Δt.
The stiffness term, ki,x, is calculated for each node i and for each direction x by the summation of contributions from all members meeting at the node.
The latter formulation proposed by Barnes [31] is used in this work. A thorough description of the DR algorithm is given in [32] .
Residual forces
The modification introduced to DR is concerned with the calculation of the residual forces. Since sliding-induced friction directly affects the distribution of internal forces in continuous cables, residual forces are affected. At each time step t, Eq.19 is used to determine current node coordinates. The updated memberlength vector follows immediately and for each continuous cable, sub-element current lengths are determined. A system of nonlinear equations relating sliding lengths to current sub-element lengths is thus formulated. Each equation in the system explicitly represents the relation between axial forces at both sides of a sliding node. Consider the generic sliding node i in Fig. 4 , the equation relating tension forces ti and ti+1 is: 
The force ratio, αi, is calculated for each sliding node based on the updated geometry of the structure. A trust-region algorithm is employed to solve the obtained system of nonlinear equations [48] . Once sliding lengths are determined, the internal forces at all cable sub-elements are thus calculated based on Eq.13. This is repeated for all continuous cables. For all other members of the structure (struts and discontinuous cables) the internal forces are calculated based on the current geometry.
Once the vector of internal forces in the structure is determined, residual forces can be calculated. Table 1 . 
A continuous cable sliding through fixed nodes
The performance of the friction-based DR formulation is demonstrated using an example of a continuous cable originally presented by Ju and Choo [16] . The example consists on static analysis of a continuous cable sliding through two nodes, as shown in Fig. 5 . Ju and Choo [16] has employed a FE formulation for a cable passing over multiple pulleys taking into account friction effects.
The continuous cable system displayed in Fig. 5 is fixed at node 1 and slides at fixed node 2 and node 3. The cable is assumed linear elastic, weightless and undamped. It has a total length of 240 cm and a cross section area of 0.6 cm². It is made of stainless-steel with a Young modulus of 11500 kN/cm 2 . The cable is divided into three sub-elements: L1, L2 and L3 having 100 cm, 40 cm and 100 cm length. A pulling force, P=30 kN, is applied at the end of the cable (node 4). A friction coefficient μ=0.1 is considered and the contact angle, θ, is equal to π/2 at node 2 and π/4 at node 3. The structure is studied using the new DR formulation. Internal force results are compared with those obtained by the application of the FE procedure proposed by Ju and Choo [16] . However, this does not affect result comparison since the geometric nonlinearity does not affect the structure behavior in this peculiar example because sliding nodes are fixed.
A tensegrity-based beam
In this second case study, a tensegrity-based beam studied by Moored and Bart-Smith [18] is analysed employing the new DR formulation. The structure is composed of an assembly of three quadruplex modules. The detailed description of structure can be found in Bel Hadj Ali et al [32] .
A perspective view of the tensegrity beam is given in with linear elastic behavior supporting only tension forces. In addition, it is assumed that actuation is performed through small and slow steps such that inertia effects can be neglected when the structure is in motion. rotational-based method proposed by Zhang et al [19, 20] and the Modified DR proposed by Bel Hadj Ali et al [32] . The results predicted by the new DR formulation are identical to those generated by the three previously mentioned methods when friction is not included (Fig. 8) . This comparison supports the correctness of the new DR formulation for the case of no friction. Since the geometry of structure evolves minimally, the friction angle, θ, is kept constant and equal to 2 π for all sliding nodes. The structure is analyzed for varying values of the friction coefficient, μ, in order to investigate the influence of the friction on the structure behavior. Fig. 9 illustrates the evolution of internal axial force at cable 2 with respect to applied load at nodes 18 and 23. Cable 2 is a sub-element of the continuous cable connecting nodes 2 and 9 (Fig. 7) . The applied forces are progressively increased from 5 to 30 daN. For the internal axial force at cable 2, the effect of friction is noticeable. Friction at sliding nodes causes an average tension decrease Zhang et al [16] Bel Hadj Ali et al [29] consideration. This is emphasized for tensioned cable structures that are highly sensitive to variation of axial forces at cable elements. 
Deployment of a tensegrity footbridge
A four-module tensegrity footbridge is considered in this section. An elevation view of the tensegrity structure is given in Fig. 11(a) . The structure is composed of four ring-shaped tensegrity modules. Symmetry about midspan is obtained by mirroring two modules. Basic modules are connected in a way that creates an empty space in their center for a walking space.
The pentagon module contains 15 nodes describing 3 pentagonal layers ( Fig. 11(b) ). It comprises Each half of the structure is controlled by five continuous active cables. A two strut joint allowing continuous cable sliding is illustrated in Fig. 12(b) . Each active continuous cable starts from a node connected to the support and ends at the front nodes. Top views of the footbridge in its folded and deployed configurations are given in Fig. 13 . A detailed description of the structure could be found in Veuve et al [35, 36] . 
Deployment simulation
Deployment of the tensegrity footbridge was first studied by Rhode-Barbarigos et al [2, 3] .
Veuve et al [35, 36] improved deployment strategy and performed mid-span connection of the footbridge. A purely geometrical study revealed that a contact-free deployment of the tensegrity system is feasible using cable control [3] . The deployment path was analyzed numerically using a modified DR algorithm assuming frictionless motions and quasi-static actuation [32] . node under consideration is marked with a circle in Fig. 11(a) . Three values of the friction coefficient are taken into account: 0, 0.1 and 0.2. Results displayed at Fig. 14 and Fig. 15 show that the node deviates from its friction-free trajectory during deployment. The discrepancy is increasing with increasing value of the friction coefficient. Furthermore, a greater deviation is noticed in the first third of the deployment path. This indicates that the friction at sliding nodes is more pronounced at this deployment stage when the structure is close to its folded configuration. This is mainly related to the value of the contact angle at sliding nodes which progressively decreases during deployment in relation with the evolution of the shape. The evolution of internal forces at two members is also studied. Fig. 16 illustrates the evolution of the tension in cable 85 with respect to the structure length during deployment. Cable 85 is a sub-element of an active continuous cable which is connected to the middle pentagon of the footbridge. The friction-induced variation in axial forces is more pronounced than the deviation in nodal displacements. With a coefficient of friction equal to 0.2, the tension in cable 85 is nearly double of the friction-free value at some points of the deployment path. The same tendency is noticed for the compression value at strut 57. This element is an intermediate strut connected to the middle pentagon of the footbridge. Fig. 17 illustrates the evolution of the axial compression force in strut 57 with respect to the structure length during deployment. For the two elements under consideration, the differences between the axial forces with and without friction tend to decrease progressively during deployment. 
Experimental deployment
The deployment of the tensegrity structure with continuous actuated cables is studied on the nearfull-scale physical model. Position measurements are performed with an optical tracking system.
Some members are equipped with strain gauges in order to monitor axial forces during deployment. The structure is set at its fully folded length of 50 cm. Deployment tests show that when active cables are shortened equally and simultaneously, deployment is hindered by strut contact. Comparing experimental findings with model predictions reveals a substantial discrepancy with more than 20% deviation between predictions and measurements. This is mainly due to joint eccentricities and other complexities related to joint and support design.
In order to fully deploy the structure, Veuve et al [35] employed unequal length changes of active cables. Experimentally-determined deployment paths and corresponding actuation sequences have been proposed in order to minimize the effect of sliding-induced friction and joint eccentricities during deployment. The actuation sequence by Veuve et al [35] is employed here for the analysis of the deployment of the tensegrity structures. Recently, Sychterz and Smith [37] experimentally characterized the friction at the joints of the deployable structure. They showed that the friction coefficient ranges between 0.1 and 0.15. These values are taken into account in this study. 
Conclusions
Dynamic relaxation is an attractive static analysis method for cable structures. The method is extended here to accommodate continuous cables with sliding-induced friction. The concept of cable clustering is a scalable solution that is employed in engineering applications such as domes, tensioned membranes and tensegrity structures. Continuous cables simplify the tensioning process of cable domes and tensioned membranes. In active structures, connecting cable-elements reduces the number of actuators needed for active control and deployment. However, slidinginduced friction affects the mechanics of structural systems leading to challenges for structural analysis, control and actuation.
This study shows that the DR correctly accommodates continuous cables with sliding-induced friction. The first case study showed that the results obtained using the method proposed in this paper are in good accordance with existing FE-based methods. In contrast with the FE formulation of Ju and Choo [16] , the new DR formulation accommodates geometric nonlinearities, which is a key advantage for the analysis of tensioned cable structures. The correctness of the proposed method is also demonstrated through analysis of a tensegrity-based beam in the second case study.
The numerical and experimental investigations presented for the deployment study of a near-fullscale tensegrity footbridge reveal some limitations. Sliding-induced friction improves DR predictions when compared with experimental findings. However, such improvements do not lead to perfectly accurate analyses. The method is clearly unable to overcome difficulties related to the behavior of the physical model such as eccentricities and complex joint behavior.
Moreover, the discrepancy between experimental results and DR predictions may be due to the dynamic effects that are ignored in quasi-static deployment simulations.
Finally, the new DR formulation could be seen as good progress toward satisfactorily modeling cable structure with sliding-induced friction. The DR formulation described in this paper has potential to be the starting point for further improvements involving more accurate models of joints and taking dynamics into account during deployment.
